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Abstract
We construct the covariant or model independent induced Einstein-
Yang-Mills field equations on a 4-dimensional brane embedded isomet-
rically in an D-dimensional bulk space, assuming the matter fields are
confined to the brane. Applying this formalism to cosmology, we derive
the generalized Friedmann equations. We derive the density parameter
of dark energy in terms of width of the brane, normal curvature radii
and the number of extra large dimensions. We show that dark energy
could actually be the manifestation of the local extrinsic shape of the
brane. It is shown that the predictions of this model are in good agree-
ment with observation if we consider an 11-dimensional bulk space.
Keywords: Extrinsic induced gravity; Extra dimensions; FLRW cos-
mology; Dark energy.
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1 Introduction
One of the most sensational discoveries of the past decade is that the expan-
sion of the Universe is speeding up. This observation finds support in the
luminosity measurements of high redshift supernovae [1] and measurements
of degree-scale anisotropies in the CMB [2]. General relativity leads to a
deceleration of the expansion for the Universe if filled with cold matter or
radiation. Since the expansion is speeding up, we are faced with two pos-
sibilities: The first is that 70 percent of the energy density of the Universe
∗s-jalalzadeh@sbu.ac.ir
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exists in a form with large negative pressure, called dark energy. The other
possibility is that general relativity breaks down on the cosmological scales
and should be modified or replaced with a more complicated theory. Vari-
ous forms of modification of gravity have been proposed to explain the late
time acceleration of the Universe. In an interesting development, Deffayet,
Dvali and Gabadadze [3] demonstrated that the presence of the 4D Ricci
scalar term in the action functional for the brane can lead to a late time
acceleration [4]. The possibility that branes can naturally produce a solu-
tion to unsolved problems in gravity and cosmology, such as dark energy
will generate a great boost aside from being a significant achievement in the
theory and a good verification of the extra dimensions idea. With all the
success that brane gravity models have achieved major weak points exist as
follows;
• The nature of phenomenological model building most of these theories
have.
• Most of the developments are specific to particular models. For ex-
ample, this has given the wrong impression that the brane program is
necessarily a 5D theory based on the AdS5 or Ricci flat bulk.
• The geometric mechanism, like Kaluza-Klein (KK) and multidimen-
sional gravitational models, for unification of fundamental forces, using
group of isometries of non-compact bulk space is not well developed.
The general theory of relativity provides a geometric description of
gravitational fields. After Einstein work, physicists have been looking
for a classical unified field theory (UFT) which would describe other
fundamental interactions in terms of geometric concepts of spacetime.
The first attempt to set up such a UFT using the concept of adding
spacelike extra dimension was that of Kaluza and Klein [5]. In KK and
its multidimensional extensions the extra dimensions form a compact
coset space G/H for a given gauge group G and a maximal subgroup
H. Consequently coordinate transformations associated with the com-
pact manifold can be interpreted as gauge transformations.
In brane scenarios the restriction on the size of the extra dimension
is weaker. Standard model and matter fields are confined to some
hypersurface embedded in the bulk space. To achieve geometrical uni-
fication it is enough to consider an n-dimensional brane with (n − 4)
compact coset space embedded in (n + 1)-dimensional bulk space [6].
The basic difficulties of such brane models, like the original KK mul-
tidimensional theories, are the compactification of internal space, the
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problem of vacuum stability for the ground state, the large fermion
masses which appear in nonzero modes [7] and the gauge fields ap-
pearing as the dimensional reduction are not confined to the brane
and can propagate in the bulk [8]. To avoid some of the problems
mentioned we need to find another geometrical origin for the gauge
group of Maxwell-Yang-Mills interactions.
• A simplifying assumption has been to consider the brane as highly
thin. This approximation is assumed to be valid as long as the energy
scales are much smaller than the energy scales related to the inverse
thickness of the brane, or at distance scales much bigger than the
thickness of the brane [9].
Most of the studies are restricted to thin brane models where the stan-
dard model matter fields are infinitely localized on a brane with delta-
like distribution. This kind of models can, however, be only treated as
an approximation since the most fundamental underlying theory (like
string and quantum gravity theories) would have a minimum length
scale. Also as we know, for confined standard model matter fields
we have “hadron barrier” which could be encountered. Such barrier
could arise because all hadrons couple via the strong interaction to
low mass mesons [10]. Hence the minimum size of any physical system
containing nucleons cannot be appreciably less than the range of the
strong interactions [11]. The final point to note is that in thin brane
approximation, in approaching the brane usually self-interactions of
gravitons are divergent and consequently the justification of confined
matter interactions is impossible. Consideration of a brane thickness
in such models is an essential ingredient to play the role of an effective
UV cut-off [12].
• The main difficulty in applying a junction condition is that it is not
unique. Other forms of junction conditions exist, so that different
conditions may lead to different physical results [13]. Furthermore,
these conditions cannot be used in the presence of more than one
noncompact extra dimension.
• The Dvali-Gabadadze-Porrati (DGP) brane model which contains self
acceleration, the joint constraints from SNLS, BAO, and CMB data
shows that this model is disfavored observationally [14]. Moreover the
DGP model contains a ghost mode for the branch of the self acceler-
ation [15].
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In refs. [16] and [17], the authors proposed a cosmological model for a 4D
brane embedded in a bulk space with arbitrary large extra dimensions where
the matter fields are confined to the brane. As a result, an extra term in
the Friedmann equation appeared that may be interpreted as the X-matter,
providing a possible phenomenological explanation for the acceleration of
the Universe. In this paper, we have studied the covariant (model indepen-
dent) induced Einstein-Yang-Mills field equations on a 4-dimensional brane
embedded isometrically in D-dimensional bulk space. The embedding is a
necessity to make the Riemann curvature more consistent with the purpose
of distinguishing a curved space-time from the flat space of Special Rela-
tivity. Indeed, Riemann mentions in his historical paper that his curvature
cannot distinguish between a plane or a cylinder or a cone. This problem
(which is in fact a topological problem in the sense of shape) was left open
and a solution of it was presented by Schla¨fli in 1871, based on the rea-
soning that the local curvature cannot be an absolute concept as Riemann
proposed. The curvature as a notion of shape is a relative concept, which is
valid only when we have a second object to compare. Therefore, Schla¨fli sug-
gested the isometric embedding of a manifold into another, so that we could
always compare the curvature of that manifold with the curvature of the
embedding space. The isometric condition is to guarantee that the metric
of the embedded manifold is induced by the background. In our model, the
extrinsic curvature plays the role of an independent field in describing dark
energy. In fact, to have a common origin for the gravitational and Yang-
Mills interactions we need a 11D bulk space and consequently, the Israel
junction conditions are not applicable. Also, to include the thickness of the
brane we use the Nash’s theorem for perturbations of the submanifolds [18],
where the extrinsic curvature and twist vector fields also play a dynamical
role. Nash showed that any Riemannian geometry can be generated by a
continuous sequence of infinitesimal deformations defined by the extrinsic
curvature. Some popular brane-world models use M-theory motivations and
use additional postulates such as a Z2 symmetry across the brane as in the
Randall-Sundrum models [19]. This symmetry was not considered in this
paper as essential since the Z2 symmetry breaks the regularity of the em-
bedding, thus preventing the use of the perturbation mechanism of Nash’s
theorem.
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2 The geometrical aspects of model
2.1 Locally and isometrically embedding of spacetime
An effective Einstein-Hilbert action functional for the 4D spacetime (M4, g)
embedded in aD-dimensional ambient (bulk) space (MD,G) may be derived
from the action
− 1
2κ2D
∫ √
|G|RdDx−
∫
L∗m
√
|G|dDx, (1)
where κ2D is the bulk space energy scale and L∗m is the Lagrangian of matter
fields confined to the brane with thickness l. This means that we no longer
treat the confined energy-momentum tensor as a singular source, but rather
as some smooth distribution along thickness of brane [20]. Variation of
action (1) respect to the bulk metric GAB (A,B = 0, 1, ...,D − 1) with
signature (p(−), q(+)), we obtain Einstein field equations on the bulk 1
GAB = 8πG
∗TAB, (2)
where G∗ is the bulk gravitational constant and TAB is the confined matter
energy-momentum tensor. The confinement hypothesis states that standard
model matter fields are trapped to the 4D brane with thickness l. On the
other hand, TeV gravitons can propagate on the bulk space freely. To con-
struct geometrical properties of the model, we start with the local isometric
embedding structure, consistent with differential structure of Einstein field
equations (2).
To obtain a local and isometric embedding, consider the D-dimensional
Lorentzian bulk space (MD,G) with local coordinates YA = {Y0, ...,YD−1},
endowed with a metric G. Further, consider in MD a 4D submanifold
(M4, g¯) with local coordinates xµ = {x0, ..., x3} and induced metric g¯.
We can then construct an adopted coordinate system in the bulk space
which includes the local coordinates of submanifold M4 as {xµ, xa}, where
xa = {x4, ..., xD−1} are extrinsic or extra coordinates. In such a condition
the submanifold M4 is defined by xa = 0. Therefore, the isometric local
embedding of a given spacetimeM4 with induced metric g¯µν (µ, ν = 0, ..., 3)
in an arbitrary bulk (MD,G), is given by D differential maps
YA :M4 →MD. (3)
1Greek indices run from 0 to 3, small case Latin indices run from 4 to D− 1 and large
Latin indices run from 0 to D−1. Units so that ~ = c = 1 are used throughout this work.
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Also, the vectors
e¯µ := YA,µ∂A,
e¯a := NAa ∂A,
(4)
form a basis of tangent and normal vector spaces respectively at each point
ofM4, where small Latin indices denotes extra dimensions and NAa denotes
the components of n = D−4 unit vector fields orthogonal to theM4 and also
normal to each other in direction of the extra coordinates xa. Consequently,
differential map YA satisfies embedding equations
G(e¯µ, e¯ν) = GABYA,µYB,ν = g¯µν ,
G(e¯µ, e¯a) = GABYA,µNBa = 0,
G(e¯a, e¯b) = GABNAa NBb = ηab,
(5)
where ηab = ǫaδab, ǫa = ±1 correspond to two possible signature of each
extra dimension [25]. Note that these equations define the normal vector
fields e¯a only up to SO(p − 1, q − 3). If we define the brane projections
of covariant derivative of bulk space with Dα := YA,αDA, where DA is the
covariant derivative compatible with GAB , then the projected gradients of
bases vectors can be decomposed with respect to the bases vectors {e¯µ, e¯a}
which are the generalizations of well-known Gauss-Weingarten equations
Dµe¯ν = Γ¯
α
µν e¯α + K¯
a
µν e¯a,
Dµe¯a = −K¯µνae¯ν +A bµa e¯b,
(6)
where Γ¯αµν are the connection coefficients compatible with induced metric
g¯αβ , K¯αβa is the a
th extrinsic curvature (second fundamental form) of the
brane
K¯αβa = −G(Dαe¯β , e¯a) = −GABNAa Dα(YB,β) = K¯βαa, (7)
and Aαmn is the extrinsic twist potential (third fundamental form) defined
by
Aαab = G(Dαe¯a, e¯b) = GABDα(NAa )NBb = −Aαba. (8)
In geometric language, the presence of twist potential tilts the embedded
family of submanifolds with respect to the normal vector NA. It is easy to
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show that if the bulk space has certain Killing vector fields then Aµab trans-
form as the component of a gauge vector field under the group of isometries
of the bulk [26]. Note that in our model the gauge potential can only be
present if the dimension of the bulk space is equal to or greater than six
(n ≥ 2), because according to (8) the twist vector fields Aµab are antisym-
metric under the exchange of extra coordinate indices a and b.
The Lie algebra generators of SO(p − 1, q − 3) are
Jmn =
1
2
(xm∂n − xn∂m) , (9)
and the killing vector basis of the space generated by extra dimensions are
Kabc = J
ab(xc) = x
[aδb]c . (10)
A straightforward calculations show that
[Jab, Jcd] = C
mn
abcdJmn, (11)
where the structure constants are
Cmnabcd = 2δ
m
[b ηa][cδ
n
d]. (12)
The integrability conditions for embedding (5) are given by Gauss-Codazzi-
Ricci equations
RABCDYAµ YBν YCρ YDσ = R¯µνρσ − K¯µρaK¯ aνσ + K¯µσaK¯ aνρ ,
RABCDYAµNBa YCν YDρ = K¯µνa;ρ − K¯µρa;ν −AρcaK¯ cµν +AνcaK¯ cµρ ,
RABCDNAa NBb YCµ YDν = Fabµν − K¯µαaK¯ αν b + K¯ναaK¯ αµ b,
(13)
where RABCD, R¯µναβ are the Riemann tensors of the bulk and brane re-
spectively and
Fabµν := Aµab,ν −Aνab,µ −A cνa Aµcb +A cµa Aνcb, (14)
is the curvature associated with extrinsic twist vector field [21].
2.2 Geometrical structure of thick brane model
In most of brane models with single extra non compact dimension a simpli-
fying assumption has been made to consider the brane hypersurface as ex-
tremely thin. Let us now consider a thick brane of thickness l. For simplicity
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we will restrict ourselves to the case of constant l. One way to generate such
thick brane is to deform the background spacetime (M4, g¯µν) in such a way
that it remains compatible with confinement. The embedding functions de-
fined in (5) are differentiable and regular as required by local differentiable
embedding. This follows from Nash’s embedding theorem which requires
that the embedding functions of the deformed submanifold are represented
by convergent positive power series [22]. According to Nash’s theorem any
submanifold can be generated by a continuous sequence of small perturba-
tions of an arbitrarily given submanifold. Although it was later generalized
to pseudo Riemannian manifolds in [18]. Nash’s perturbative approach to
embedding can be also described by introducing a small perturbation pa-
rameter, σ, along an arbitrary direction η, which is parameterized by ζ [23].
Hence, starting with the perturbation of the embedding map (1) along an
arbitrary transverse direction η, we obtain the coordinates of a point not
necessarily on M4
ZA(xµ, η) = YA(xµ) +√σζ(LηY)A = YA(xµ) +
√
σζ[η,Y]A, (15)
where L denotes the Lie derivative. The tangential projection of η can
always be identified with the action of brane diffeomorphism which will
subsequently be ignored. Also, one can insert additional simplification by
taking the norm of η equal to ±1. Hence, we can consider a general defor-
mation along the normal vectors η = e¯a parameterized by extra dimensions
xa. Consequently perturbation along orthogonal direction e¯a will be [23]
ZA,µ(xα, xa) = YA,µ(xα) +
√
σxaNAa,µ,
NAa 7→ NAa +
√
σxb[Na,Nb]A = NAa ,
(16)
where σ denotes a small perturbation parameter. Thence the deformed
embedding will be
ZA,µ = YA,α
(
δαµ −
√
σxaK¯ αµ a
)
+
√
σNAmA mµ ,
ZA,m =
√
σNAm ,
(17)
where A mµ := x
aA mµa . Consequently, the set of {xα, xa} define a Gaussian
coordinate system for the bulk space in the vicinity of M4. The line
element of bulk space in the vicinity of brane is ds2 = GABdZAdZB . Now
by substituting Eq. (17) in the expression for the line element, the metric
of bulk space in the Gaussian coordinates will be
GAB =
(
gµν + σAµcA
c
ν σAµj
σAνi σηij
)
, (18)
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where
gµν = g¯µν − 2
√
σxkK¯µνk + σx
mxnK¯µαmK¯
α
ν n
= g¯αβ
(
g¯µα −
√
σxaK¯µαa
) (
g¯νβ −
√
σxbK¯νβb
)
,
(19)
represents the metric of the brane with thickness l. As one can see, equation
(18) has the similar appearance to the KK metric where Aµi plays the role
of the Yang-Mills potentials [24]. In fact the embedding paradigm suggests
another similarity; the extrinsic shape of the brane in the neighbourhood of
any of its points is determined with normal curvature [25]
1
Rn
=
K¯µνnδx
µδxν
g¯µνδxµδxν
. (20)
The extreme values of normal curvature are calculated by the homogeneous
equations (
g¯µα − laK¯µαa
)
δxµ = 0, (21)
where la(µ) are the curvature radii of the original brane g¯µν for each principal
direction δxµ and for each normal ea [27]. Equation (21) admits a non trivial
solution for curvature directions δxµ when
det
(
g¯µα − laK¯µαa
)
= 0. (22)
It follows that the metric of deformed brane (19) becomes singular at the
solution of (21). Consequently according to the (18) the metric of the bulk
space also become singular at the points determined by this solutions. There-
fore, at each point ofM4 there is a bounded coordinate space in the normal
direction generated with smallest value of the curvature radii. Hence ac-
cording to the Einstein tube construction, we may associate to each point
of brane a closed space Bn generated by the normal curvature radii. Conse-
quently, even though the bulk space is not compact, the local shape of the
brane generates a local structure line M4 × Bn.
Now in order to reduce the action stated in Eq. (1) in the brane, various
geometrical properties of the bulk space in the vicinity of the brane needs
to be obtained; this procedure is as follows. Equation (17) leads to define
the reference frames of the perturbed geometry as
hAµ = YA,α
(
δαµ −
√
σxaK¯ αµ a
)
,
hAa =
√
σNAa ,
(23)
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and the tangent and normal vectors to the perturbed brane respectively by
eα := ∂α −Amα ∂m = hAα∂A, eα := dxα,
em :=
1√
σ
∂m = NAm∂A, em :=
√
σ (dxm +Amα dx
α) .
(24)
Hence, the embedding equations of the perturbed brane will be
G(eα, eβ) = GABhAαhBβ = gαβ ,
G(eα, em) = GABhAαNBm = 0,
G(em, en) = GABNAmNBn = ηmn.
(25)
Then the projected gradients of bases vectors can be decomposed with re-
spect to the bases vectors {eµ, ea} which are the generalizations of Gauss-
Weingarten equations for the perturbed brane
Dµeν = Γ
α
µνeα +K
a
µν ea,
Dµea = −Kµνaeν +A bµa eb,
(26)
where Γαµν are the connection coefficients compatible with induced metric
gαβ , Kαβa is the a
th extrinsic curvature of the perturbed brane and Dα :=
hAαDA. Now using the Koszul formula
2G(DZY,X) = −XG(Y,Z) + Y G(Z,X) + ZG(X,Y )− G([Z,X], Y )
−G([Y,Z],X) + G([X,Y ], Z); X,Y,ZǫXp(MD),
(27)
the Gauss-Weingarten equations (26) and the fact that the commutator of
two tangent vectors no longer vanishes
[eα, eβ ] =
√
σxaFnaαβen, (28)
one can easily obtain the components of connection and extrinsic curvature
Γραβ =
1
2g
ργ
(
∂ˆαgγβ + ∂ˆβgγα − ∂ˆγgαβ
)
=
Γ¯ραβ −
√
σxmg¯ρµ
(
∇(tot)α K¯µβm +∇(tot)β K¯µαm −∇(tot)µ K¯αβm
)
:= Γ¯ραβ −
√
σxmHραβm,
(29)
10
and
Kαβa = − 12√σ∂agαβ +
√
σ
2 x
bFabαβ
= K¯αβa −
√
σ
2 x
m
(
K¯αγmK¯
γ
βa + K¯αγaK¯
γ
βm − Fαβam
)
,
(30)
where
∇(tot)µ K¯αβm := K¯αβm;µ −AµmnK¯ nαβ ,
∂ˆα := ∂α −Amα ∂m,
(31)
denote the total covariant (gauge covariant) derivative and horizontal lift
of the base vector fields respectively. Now the geometric meaning of the
second fundamental form (30) is quite clear: its symmetric part shows that
the second fundamental form propagates in the bulk. The antisymmetric
part is proportional to a Yang-Mills gauge field, which really can be thought
of as a kind of curvature. The integrability conditions for the deformed
brane are the Gauss, Codazzi and Ricci equations, respectively
〈eµ,R(eα, eβ)eγ〉 = Rµγαβ +K aαγ Kβµa −K aβγ Kαµa, (32)
〈el,R(eα, eβ)eγ〉 = ∇ˆαKβγl − ∇ˆβKαγl −K aαγ Aβal +K aβγ Aαal, (33)
〈el,R(eα, eβ)ea〉 = K να aKβal −K νβ aKαal − Fβαal, (34)
where ∇ˆ denotes the covariant derivative defined as
∇ˆµT ......ν... = ∂ˆµT ......ν... + ...− ΓˆαµνT ......α..., ∇ˆgαβ = 0, (35)
and Rαβγµ is the Riemann tensor of the deformed brane
Rσγαβ = ∂ˆαΓ
σ
βγ − ∂ˆβΓσαγ + ΓρβγΓσαρ − ΓραγΓσβρ +
√
σxaFnaαβK
σ
γ n
= R¯σγαβ +
√
σxm
(
∇(tot)β Hσαγm −∇(tot)α Hσβγm + K¯ σγ nFnmαβ
)
−σ2xmxnF σγ amF aαβ n +O(σl2/L2).
(36)
It is worth noticing that the Riemann tensor of the deformed brane is a
reducible tensor. Again using Koszul formula we obtain
hAaDAeµ := Daeµ = −K νµ aeν ,
Daeb = 0,
(37)
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which helps us to obtain the remaining group of higher dimensional Riemann
tensor components
RDCABhDµ hAαNBmNCn = gµσ
[
1√
σ
K σα n,m −K να nK σν m
]
, (38)
RDCABNDl hAαNBmNCn = 0, (39)
RDCABNAa hBβ hCγ hDµ = gµσ
[
1√
σ
Γσβγ,a + ∇ˆβK σγ a −A bβa K σγ b
]
, (40)
RDCABNDl hCγ NAa hBβ =
1√
σ
Kβγl,a +K
ν
γ aKβνl, (41)
RDCABNAn hBβNCa hDµ = gαµ
[
− 1√
σ
K αβ a,n +K
ν
β aK
α
ν n
]
. (42)
Hence, the reduction of the Riemann tensor of the bulk space provides a
generalization of the Gauss, Codazzi and Ricci equations and remaining
components. Contraction of the Gauss equation (32), using equations (38)
and(41) gives the Ricci scalar
R = R+KαβaKαβa −KaKa + 1√σgµνK mνµ ,m + 1√σKa,a
≃ R¯+ K¯αβaK¯αβa − K¯aK¯a +
√
σxm(g¯γβ∇(tot)β Hσσγm
−g¯γβ∇(tot)σ Hσβγm + 2K¯αβmR¯αβ)− σ4xmxnFαβamF aαβ n.
(43)
As was mentioned earlier, the physical space on the bulk space is restricted
to the Einstein tube.
3 Induced gravitational field equations on a thick
brane
Now if we assume a flat bulk space with all extra dimensions being spacelike
, then Bn may be taken to be the n-sphere
Sn = SO(n)/SO(n− 1), (44)
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with radius L := min{la(µ)}. Consequently by inserting
√
|g| ≃
√
|g¯|
(
1−√σxmK¯m + 1
2
σxmxn
(
K¯mK¯n − K¯αβmK¯αβn
))
, (45)
and equation (43) into the action functional (2) and remembering the con-
finement hypothesis (matter and gauge fields are confined to the brane with
thickness l while gravity could propagate in the bulk space up to the curva-
ture radii L with the geometry of Sn) we obtain
− 1
2κ2D
∫ √|G|RdDx ≃
−M
n+2
D σ
n/2Vn
16pi
∫
Ln
√|g¯| (R¯− K¯αβmK¯αβm + K¯2) d4x
+
nMn+2D σ
n/2l3Vn
64pi(n+2)
∫
Ln−1
√|g¯|FµνmnFµνmnd4x,
(46)
where Vn = π
n
2 /Γ(n2 + 1). Hence, the relation between the fundamental
scale MD and the 4D Planck scale MP l will be
M2P l =
πn/2
Γ(n/2 + 1)
Lnσn/2Mn+2D . (47)
On the other hand, with an eye on the Lagrangian density of the Yang-Mills
field [28]
L(YM) = 1
4g2iK
tr(FµνF
µν), (48)
the last part of (46) gives
4π
Kg2i
=
nVnM
n+2
D σ
n/2l3Ln−1
4(n+ 2)
, (49)
where gi are the gauge couplings, and the index i labels the simple subgroups
of the gauge group. The positive constant K depends on the representation
symmetry group but dos not depend on the generators of Lie algebra. In
adjoint representation, it can be calculated from [28]
CmnabcdC
cd
a′b′mn = K
(ad) [δab′δa′b − δaa′δbb′ ] . (50)
Equations (12) and (50) immediately give
K(ad) =
{
2, n = 2,
2(n − 2), n > 2. (51)
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The induced 4D gravitational “constant” is dependent on the normal cur-
vature radii and consequently is not constant. This implies violation of the
strong equivalence principle (SEP) on the brane. In scalar-tensor theories
of gravity the gravitational constant having a dimension of length squared
emerges through a cosmological background value of the scalar field. Also
in KK and multidimensional gravitational theories with compact extra di-
mensions, 4D gravitational constant is a function of the scale factor of the
extra dimensions. While in our approach the extra dimensions are not com-
pact and emerge through external shape of the brane. Equations (47) and
(49) immediately give us the following fundamental relation between normal
curvature radii, thickness of the brane, number of extra dimensions and 4D
Planck’s mass
L =
n
4(n+ 2)
l3M2P lK
(ad) g
2
i
4π
. (52)
Note that if L ∼ l ∼ lP l, the above equation reduces to the equivalent rela-
tion in KK gravity [29]. To obtain the induced field equations, we only have
to write the Einstein’s field equations (2) in the Gaussian frame {hAµ ,NAa }
of the bulk space. After some calculations one can obtain three sets of field
equations
Rαβ − 12gαβR+ (Kµ aα +K µaα )Kβµa −K aβα Ka+
+ 1√
σ
ηabKβαa,b − 12gαβ(KµνaKµνa −KaKa + 1√σgµνηmnKµνm,n+
+ 1√
σ
Km,m) = 8πG
∗TABhAαhBβ ,
∇ˆβKa − ∇ˆαK αβ a −A bβa Kb +A bαa K αβ b = 8πG∗TABNAa hBβ ,
1√
σ
Ka,b −KαβaKβαb − 12ηab(R+KµνmKµνm −KmKm+
+ 1√
σ
gµνgmnKµνm,n +
1√
σ
gmnKm,n) = 8πG
∗TABNAa NBb .
(53)
In most general cases, without assuming the existence of matter fields in the
bulk space, the confinement hypothesis states that
Tαβ := σ
n
2
∫ TABYA,αYB,βdnx,
Ξαa := σ
n
2
∫ TABYA,αNBa dnx,
Ξab := σ
n
2
∫ TABNAa NBb dnx.
(54)
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The field equations (53) are equivalent to the Einstein field equations (2)
representing any regular perturbation in the domain of the brane width. To
establish effective induced gravitational equations for a observer living in
the brane, the 4D material (54) and geometrical quantities are defined as an
average over the thickness of the brane. Hence to obtain the field equations
for the covariant thick brane world model, it is sufficient to integrate field
equations (53) along extra dimensions. Consequently, using (54) and (47),
in the first approximation the field equations will be
G¯αβ = −Qαβ + 8πGN
(
Tαβ + T
(YM)
αβ
)
, (55)
∇(tot)β K¯a −∇(tot)α K¯αβa = 8πGNΞaβ , (56)
GN
Kg2i
(
FαβamF mαβb +
1
2ηabF
lm
αβ F
αβ
lm
)
−
−12ηab
(
R¯+ K¯µνmK¯
m
µν − K¯aK¯a
)
= 8πGNΞab,
(57)
where G¯αβ is the induced Einstein tensor, T
(YM)
αβ is the Yang-Mills energy-
momentum tensor
T
(YM)
αβ =
1
4πKg2i
[
F σα lmF
lm
βσ −
1
4
g¯αβFµνlmF
µνlm
]
, (58)
and Qαβ is a conserved quantity defined as
Qαβ := g¯
γηηabK¯αγaK¯βηb − ηabK¯aK¯αβb − 12 g¯αβ
(
K¯µνaK¯µνa − K¯aK¯a
)
,
Qαβ ;β = 0,
(59)
with direct consequence that the product of 4D gravitational “constant” and
the induced energy-momentum tensor for confined matter and Yang-Mills
fields are conserved.(
GNT
αβ
)
;β
=
(
GNT
αβ
(YM)
)
;β
= 0. (60)
It is worth stating that the gravitational “constant” (GN ) is obtained from
Eq. (47), where the curvature radius on the LHS of Eq. (47) is resulted from
Eq. (22). Hence Eq. (22) plays an auxiliary role on the field equations. The
extrinsic curvature can be calculated from Eqs. (56) and (59). In addition,
the twist potential can be obtained from Eq. (60). Equation (57) puts a
15
restriction on the twisting vector fields. In fact by determining the trace of
Eq. (55) which gives the Ricci scalar, and plugging it in Eq (57), we have
1
Kg2i
(
FαβamF
m
αβb +
1
2
ηabF
lm
αβ F
αβ
lm
)
− 8π
(
Ξab − 1
2
Tηab
)
= 0. (61)
Note that this is not a differential equation, but is only a restriction on
the twisting vector field. This is equivalent to the equations obtained for
the KK theory when the scale factor of compact space is constant, see Ref.
[29]. To construct an Einstein-Yang-Mills-Scalar theory similar to the KK
theory (where the LHS of equation (57) plays the role of source term) it is
enough to consider a brane model with non-constant thickness. In this paper
we considered a brane model for a weak field approximation with constant
thickness for brane to illustrate how the extrinsic shape of brane can explain
the late time acceleration of the universe.
4 The FLRW brane
4.1 Induced field equations on FLRW brane
Phenomenological fluid models of dark energy are difficult to motivate. Usu-
ally such models are unstable under perturbations, since the adiabatic speed
of sound is imaginary for negative ω = p/ρ
c2s =
p˙
ρ˙
= ω − ω˙
3H(1 + ω)
. (62)
Hence for constant and negative values of ω the model is physically not
viable. In what follows we will construct a geometrical fluid with constant
ω as a replacement of the phenomenological fluid.
First, we will analyze the influence of the extrinsic curvature terms on a
FLRW Universe when all extra dimensions are spacelike. Also for simplic-
ity, we assume that the twisting vector fields Aµab vanish. Recall that the
standard FLRW line element is spatially homogeneous and isotropic which
can be written as
ds2 = −dt2 + a(t)2
(
dr2
1− kr2 + r
2dΩ2
)
, (63)
where a(t) is the cosmic scale factor and k is +1 −1 or 0, corresponding
to the closed, open, or flat Universes. To be consistent with symmetries of
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the embedded FLRW Universe, the energy-momentum tensor, TAB, must
be diagonal. Hence, in the simplest realization, we have
Tµν = (ρ+ p)uµuν + pgµν ,
Ξµa = 0,
Ξab = pext.ηab,
(64)
where pext. is the pressure along the extra dimensions. The general solution
of equations (56) is
K¯00m = − 1a(t)H ddt
(
fm(t)
a(t)
)
,
K¯αβm =
fm(t)
a2(t)
g¯αβ , α, β = 1, 2, 3,
(65)
where fm(t) are arbitrary functions of the cosmic time t, and H is the
Hubbel parameter. The symmetries of spacetime encourage to assume that
the functions fm(t) are considered as equal; fm(t) = f(t). If we set φ(t) :=
a2(t)/f(t) and h := φ˙(t)/φ(t), the components of Qαβ defined in (59) will
be
Q00 =
3n
φ2
,
Qαβ = − nφ2
(
3− 2hH
)
g¯αβ , α, β = 1, 2, 3.
(66)
where n := D − 4. It can be directly verified that the conservation of
Qαβ is satisfied trivially without bringing up a new differential equation for
obtaining φ. To obtain 4D gravitational constant, it is necessary to obtain
the extrinsic curvature radii of FLRW Universe from equation (22). One
can easily show
lm(0) =
a2(t)
fm(t)
= φ(t),
lm(α) =
φ(t)
1− h
H
, α = 1, 2, 3.
(67)
Thence, if we assume h/H > 0, the normal curvature radii will be
L = min(l(0), l(α)) = φ(t). (68)
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Therefore according to (47) the induced gravitational “constant” is not actu-
ally a true constant and dependents on the local normal radii of the FLRW
submanifold as
GN = G0
(
φ(t)
φ0
)−n
, (69)
where φ0 is the present value of φ(t) and
G0 := V
−1
n φ
−n
0 σ
−n/2M−(n+2)D , (70)
is the 4D gravitational constant at the present epoch. Note that the be-
haviour of L near a spacetime singularity depends on the topological nature
of that singularity. In the point-like singularity (like FLRW case) all values
of lµ(a) tend to zero so that L also tends to zero. Therefore by inserting (66)
and (69) into (55), the Friedmann equations will be
H2 + k
a2
= 8piG03
(
φ0
φ
)n
ρ+ n
φ2
,
a¨
a = −4piG03
(
φ0
φ
)n
(ρ+ 3p) + n
φ2
(
1− hH
)
.
(71)
Also Eq. (61) gives
3p− ρ− 2pext. = 0, (72)
which shows that the pressure along the thickness of brane is proportional to
the pressure and energy density of ordinary matter. In fact, Eq. (72) is due
to the constant thickness of the brane. indicates the is an affect of constant
thickness of brane. In general the RHS of this equation is proportional to
the dynamics of thickness, and consequently the LHS is a source for the
dynamics of the thickness. Our assumption on the constancy of thickness
hence gives a simple restriction on the pressure component of the confined
matter fields along the extra dimensions. Also the modified conservation
of the energy-momentum tensor (60) plus equation of state for prefect fluid
p = ωρ implies
GNρ = G0ρ0
(
a(t)
a0
)−3(1+ω)
, (73)
where by inserting (69) on it gives
ρ = ρ0
(
a
a0
)−3(1+ω) (φ(t)
φ0
)n
. (74)
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The Friedmann equations (71) depends on the radial bending function φ(t)
which remains arbitrary and dose not have a corresponding differential equa-
tion. The field equations in (56) are first order partial differential equations
and do not determine uniquely the components of the extrinsic curvature.
According to (7), the extrinsic curvature is dependent on the metrical struc-
ture and embedding functions YA(xα). Therefore, the components of the
extrinsic curvature can be calculated uniquely when the metrics of bulk and
brane spaces are uniquely specified. In brane models, we have only one
non-compact extra dimension, where by using the junction conditions one
can obtain the components of extrinsic curvature. But here we have more
than one extra dimension and consequently it is impossible to obtain the ex-
trinsic curvature with the same methods. Hence to obtain the components
of extrinsic curvature we need extra assumptions or conditions. For exam-
ple if we assume that the SEP is confirmed on the brane, the gravitational
constant would be really a constant and therefore the curvature radii will
be fixed. This makes the bending function φ to be constant. Note that it
has been also stated that the extrinsic curvature may satisfies the external
Gupta’s equations [30] as extra condition. In Friedmann equations (71),
practically we need the curvature radii L = φ(t) not the extrinsic curvature
components.
According to relation (69) the gravitational constant is a function of cos-
mic time t and consequently the SEP is violated on the brane. The SEP
comprises two assumption: that the weak equivalence principle holds, and
that all local experiments (gravitational or non-gravitational) are indepen-
dent of where and when in the Universe they are performed. If SEP holds
on the FLRW brane, then GN must be constant or equivalently the brane
will be umbilic. Furthermore, one experiment is not sufficient to test the
SEP; at last two experiments are needed at two different times. Hence what
is physically relevant is G˙N/GN .
Using equation (69) we have
G˙N
GN
= −nh. (75)
Several constraints on the local rate of change of GN using observation of
lunar occultations and eclipses, gravitational lensing, evolution of the Sun,
planetary and lunar radar-ranging measurements, Viking landers or data
from the binary pulsar PSR 1913+16 have been obtained up to now. Among
these measurements, the last one provided the most reliable upper bound
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[31]
− (1.10 ± 1.07) × 10−11yr−1 < G˙N
GN
< 0. (76)
On the other hand, the best upper bound has been obtained using helioseis-
mological data [32]
− 1.6× 10−12yr−1 < G˙N
GN
< 0. (77)
At cosmological distances the best upper bound comes from the Hubble
diagram of distant type Ia supernovae [33]
− 10−11yr−1 ≤ G˙N
GN
< 0, z ≈ 0.5. (78)
All these upper bounds are negative and shows that GN in the simplest
model may vary as [34]
G˙N
GN
= −δH, (79)
where δ is a small positive dimensionless constant. This assumption with
(75) leads us to
L = φ(t) = φ0
(
a(t)
a0
) δ
n
. (80)
Inserting (80) into (71), the Freidmann equations will be
H2 + ka2 =
8piG0
3 ρ0
(
a
a0
)−3(1+3ω)
+ n
φ2
0
(
a
a0
)−2δ
n
,
a¨
a = −4piG03 ρ0(1 + 3ω)
(
a
a0
)−3(1+3ω)
+ n
φ2
0
(
1− δn
) (
a
a0
)−2δ
n
.
(81)
4.2 The acceleration universe
For a rough estimate consider a spatially flat brane composed of cold dark
matter. In this case, the deceleration parameter reads
q := − a¨
aH2
=
1
2
Ωm − (1− δ
n
)Ω(DE), (82)
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Figure 1: Deceleration parameter as a function of the redshift for some
selected values of the number of extra dimensions n, and δ = 0.01. The
value of the density parameter is obtained from table (I).
where
Ωm :=
8piGNρm
3H2
,
Ω(DE) :=
n
H2φ2 .
(83)
The critical case q0 = 0 (δ/n = −(1−3Ω(0)(DE))/2Ω
(0)
(DE)), describes a coasting
cosmology instead of being supported by K-matter [35]. It is also interesting
that even negative values of q0 are allowed for dust filled Universe, since the
q0 < 0 case can be satisfied if δ/n > −(1 − 3Ω(0)(DE))/2Ω
(0)
(DE) which is in
line with recent measurements using Type Ia supernovae. The deceleration
parameter as a function of the redshift for some selected values of the number
of the extra dimensions, n, are displayed in Fig. 1. It is of some interest to
determine the redshift of the deceleration-acceleration transition predicted
to exist in our model. If we set δ = 0.01 (see equation (93)), the transition
redshift (q(zt) = 0) from cosmic deceleration (q > 0) to acceleration (q < 0)
for a 11D bulk space will be zt ≈ 0.65 which is in good agreement with the
recent observations [36]. Also the lookback time, ∆t = t0 − t, in this model
(flat case) will be
∆t =
1
H0
∫ z
0
1[
(1− Ω(0)DE)(1 + z′)5 +Ω(0)DE(1 + z′)2(δ/n+1)
] 1
2
dz′, (84)
which shows the difference between the age of the Universe at the present
epoch and when a light ray at redshift z was emmited. Choosing z =∞ in
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Figure 2: Lookback time as a function of the redshift for some selected
values of the number of extra dimensions n, and δ = 0.01. The lookback
time decreases for higher values of n. The value of density parameter is
obtained from table (I).
(84) we have the present age of the Universe. The lookback time curves as a
function of the redshift for some selected values of the number of the extra
dimensions, n, are displayed in Fig. 2.
Note that the geometric term Qµν obtained in (66) can be rewritten as
Qαβ =
2nh
φ2H
uαuβ − n
φ2
(
3− 2 h
H
)
gαβ . (85)
One can define the corresponding perfect fluid energy-momentum tensor
with geometric origin as
Qαβ := −8πG
[
(ρ(DE) + p(DE))uαuβ + p(DE)gαβ
]
,
ρ(DE) =
3n
8piG0φ20
(
a
a0
)−δ(2/n−1)
,
p(DE) = − 3n−2δ8piG0φ20
(
a
a0
)−δ(2/n−1)
,
(86)
where ρ(DE) and p(DE) are the energy density and the pressure of the ex-
trinsic dark fluid respectively, with the equation of state parameter ω(DE)
ω(DE) :=
p(DE)
ρ(DE)
= −(1− 2δ
3n
). (87)
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Therefore, it seems that from the point of view of a 4D observer, the effect
of the extrinsic shape of a brane looks like a perfect fluid with negative
pressure.
The current value of the normal curvature radii of the FLRW Universe
using (52) will be
L0 =
n
4(n + 1)
K(ad)
gi
4π
2
l3M2P l|t=t0 , (88)
which by inserting into (83) gives the current value of the density parameter
of dark energy as
Ω
(0)
DE =
(
16π(n + 2)√
nl3M2P lK
(ad)g2iH
)2
|t=t0 . (89)
The width of the brane l, can be taken as a fundamental length related
to the minimum size of the confined standard model interactions, where
in the present cosmological settings, should be taken as localized baryonic
matter (nucleons). In the strong interactions physics, it is widely believed
that coupling to the lowest mass mesons determines the localization size
of hadrons to be 1/mmeson in the manner first described by Yokawa [10].
Further evidence in support of the idea that all hadrons, e.g. nucleons,
couple strongly to low mass mesons is the fact that pions are the principal
secondary component in high-energy collisions [37]. Also, as we know, the
strong coupling of hadrons to light mesons is a general phenomena. These
considerations, together with Gell-Mann’s totalitarian principle lead Bahcall
and Frantschi to the concept of “hadron barrier”: The minimum size of any
system containing a nucleon cannot then be appreciably less than the range
of the strong interaction of pions with nucleons i.e. 1/mpi [38]. Therefore,
the minimum measurable length over which matter fields can be localized
on the brane is of the order of their Compton wavelength of pion [39]. Also
it is close to the radius of confinement, holding gluons and quarks inside
hadrons [40]. Hence one may assume the width of the brane is of order of
the Compton wavelength of the pion m−1
pi0
= 1.46× 10−13 cm, or in a better
approximation, the overlap of the quark and antiquark wave-functions in the
pion, called the decay constant fpi− = 130.41 MeV [41] (all hadrons have a
size & 1/fpi−). Therefore we set
l ≈ 1
fpi−
= 1.513 × 10−13 cm, (90)
and g2i /4π = 16.8, the strong interaction pion-nucleon coupling “constant”
[42]. Also, the best fit from the Planck temperature data with Planck lensing
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gives H0 ≈ 64.14 Kms−1Mpc−1 [43]. Hence the normal curvature radii at
the present epoch will be
L0 =
nK(ad)g2iM
2
P l
16π(n + 2)f3
pi−
|t=t0≈
n(n− 2)
n+ 2
11.44 × 1027cm. (91)
In 1921, Kaluza suggested to unify the gravitational and electromagnetic
interaction within the framework of a five multidimensional gravity theory.
The fifth coordinate was made invisible through the cylinder condition: it
was assumed that in the fifth direction, the world curled up into a cylinder
of very small radius (Planck’s length). In modern extension of KK ideas, the
extra dimensions can be large and sometimes non-compact and the typical
length of the extra dimensions will be of order M
2
n
P l/M
2
n
+1
D [44]. For n = 1,
the radius of internal space will be of order 1013 cm. This is approximately
the diameter of the solar system, quite unsuitable as an internal dimension.
On the other hand if n = 2, we obtain the sub-millimeter size for the internal
space. According to (91), the normal radii (a reasonable distance in the bulk
space for gravity) of brane in our model is of order of the Hubble distance,
like Deffayet, Dvali and Gabadadze model [3]. Also the density parameter
of dark energy becomes
Ω
(0)
(DE) =
(
16π(n + 2)f3pi−√
nM2P lK
(ad)g2iH
)2
|t=t0≈
1.221
n
(
n+ 2
n− 2
)2
. (92)
Besides the BBN bound, namely
|G˙N
GN
|t=t0 < 0.01H0, (93)
is also comparable with inequalities (76)-(79) help us to estimate δ ∼ 0.01.
The energy density of dark energy at the present epoch will be
ρ
(0)
(DE) =
3n
8pi
MPl
lPlL2
|t=t0 ≈ 32pi
(
n+2√
n(n−2)
)2 (
4pi
g2i
)2
GNm
6
pi0 |t=t0 . (94)
Let us point out that, nearly half a century ago, an interpretation of the
cosmological constant through vacuum energy density was pioneered by Zel-
dovich [45]. He conjectured
ρ(DE) =
Λ
8πGN
∼ GNm6, (95)
where Λ is the cosmological constant and m is close to the pion mass. Note
that, the Zeldovich conjecture predicts a constant vacuum energy density,
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while equation (94) (which is an amendment to his conjecture) indicates a
dark energy density which is not constant but changes with the expansion
of the Universe.
In the following table, we find the density parameter of dark energy, age
of the Universe and state parameter of dark energy for some specific number
of extra dimensions.
Table (I)
n Ω
(0)
(DE) Age of Universe (t0) ω(DE)
6 0.99 28.80 Gyr -0.9989
7 0.69 13.73 Gyr -0.9990
8 0.52 12.09 Gyr -0.9992
9 0.41 11.35 Gyr -0.9993
As one can see in table (I), the case of n = 7 (11D bulk space) is particularly
interesting. The contribution of baryonic and cold dark matters is nothing
for 2 ≤ n ≤ 6, (Ω(0)
(DE)
≥ 1). On the other hand, observations do not agree
with the theoretically obtained value of the age of Universe and density pa-
rameter for n > 7. While for n = 7, not only the density fraction, age of
the Universe and the equation of state parameter are in good agreement
with observations and results of the Planck temperature data with Planck
lensing [43], but also they have the maximum possible values. The spacial
case of 11D ambient space not only is in agreement with observations but
also has deeper geometrical meaning in our model. As was mentioned in the
third item of introduction, one of our goals in this paper was to find a ge-
ometrical mechanism for unification of fundamental forces, using the group
of isometries of the non-compact ambient space. As shown in [46], we need
at least seven non-compact extra dimensions to realize the standard Model
group U(1) × SU(2) × SU(3). The question of the true dimensionality of
the world is surely one of the deepest questions that one can possibly ask in
physics. Strong motivation for considering space as multidimensional comes
from theories which incorporate gravity in a reliable manner; string theory
and M-theory. As we know, to facilitate the construction of supersymmetry
and supergravity Lagrangians, we need 11D spacetime which is now recog-
nized as the low energy effective description of 11D M-theory [47]. Also to
construct consistent superstring theories, the requirement is a 10D space-
time. M-theory is an 11D extension of superstring theory, where proponents
believe that the 11D theory unifies all five 10D string theories. The idea
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is the unique supersymmetric theory in 11D, with its low-entropy matter
content and interactions fully determined, and can be obtained as the strong
coupling limit of type IIA string theory because a new dimension of space
emerges as the coupling constant increases [48]. As we know, the various
superstring theories are related by dualities which allow the description of
an object in one string model to be related to the description of a different
object in another one. These dualities imply that each of string theories is a
different manifestation of a single underlying 11D M-theory. All in all, one
may conclude that perhaps the real “home” of string theory is not 10D, but
possibly 11D M-theory which could be reduced down to 11D supergravity
as well as 10D string theory.
5 Concluding remarks
We have derived the covariant gravitational equations of a brane world model
embedded isometrically in a bulk space with arbitrary number of dimensions.
The extrinsic shape of the brane has a fundamental role in our approach.
It makes a similarity between KK gravity and modern embedding program.
Also the induced 4D gravitational constant depends on the extrinsic shape
of our Universe. The gravitational model thus obtained was then applied
to cosmology. Assuming the FLRW spacetime embedded isometrically in
a bulk space with arbitrary spacelike extra dimensions, we have re-derived
the generalized Friedmann equations. The obtained field equations contain
the geometric fluid with its properties related to the extrinsic shape of the
brane via the gravitational “constant”. Hence, from point of view of a 4D
confined observer, (which does not have access to the extra dimensions),
the late time acceleration of the Universe looks like as the effect of some
phenomenological dark fluid.
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